Abstract. We continue studying properties of semisimple Hopf algebras H over algebraically closed fields of characteristic 0 resulting from their generalized character tables. We show that the generalized character table of H reflect normal left coideal subalgebras of H. These are the Hopf analogues of normal subgroups in the sense that they arise from Hopf quotients. We apply these ideas to prove Hopf analogues of known results in group theory. Among the rest we prove that columns of the character table are orthogonal and that all entries are algebraic integers. We analyze 'semi kernels' and their relations to the character table. We prove a full analogue of the Burnside-Brauer theorem for almost cocommutative H. We also prove the Hopf algebras analogue of the following (Burnside) theorem: If G is a non-abelian simple group then {1} is the only conjugacy class of G which has prime power order.
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introduction
The basic philosophy behind this paper is that the analogue of normal subgroups for Hopf algebras are normal left coideal subalgebras, N, rather than the more naive notion of normal Hopf subalgebras. Such N occur whenever one deals with Hopf quotients. Specific examples are the so called left kernels of representations of H, which are analogues of kernels of representations of a group G, (an idea introduced by Burciou). We also introduce semi-kernels, a Hopf algebra analogue of certain normal subgroups of G which contain such kernels. In a different direction, trivial for groups, examples of normal left coideal subalgebras are images of the Drinfeld map for quasitriangular Hopf algebras. It turns out that there is an intrinsict connection between character tables for semisimple Hopf algebras H over a field of characteristic 0 and certain normal left coideal subagebras of H. Unlike character tables for groups the generalized character table need not be a square matrix.
We apply these ideas to prove among the rest the following (Burnside) theorem: If G is a non-abelian simple group then {1} is the only conjugacy class of G which has prime power order.
The paper is organized as follows: In the preliminaries we define conjugacy classes C j , normalized class sums η j and a generalized character table (ξ ij ) as follows:
Let R(H) denote the character algebra of H and let { 1 d λ = F 0 , . . . F m−1 } be a complete set of central primitive idempotents of R(H). For each j, let {f ij }, 1 ≤ i ≤ m j be a full set of primitive orthogonal idempotents of the algebra F j R(H). Then f ij R(H) are all isomorphic as right R(H)-modules of dimension m j . The conjugacy class C ij is defined as:
For each j choose a representative for each conjugacy class by taking arbitrarily i, and defining:
Define also
We generalize also the notions of Class sum and of a representative of a conjugacy class as follows:
We refer to η j as a normalized class sum.
Let {χ 0 , . . . , χ n−1 } be the set of all irreducible characters of H. The generalized character table (ξ ij ) of a semisimple Hopf algebra H over k is given by:
In §2 we prove that normalized class sums η j are in fact irreducible characters of R(H).
Theorem 2.1: Let H be a semisimple Hopf algebra over k, {η j } the normalized class sums of H. Then the irreducible character µ j of R(H) corresponding to the irreducible R(H)-module f j R(H) can be identified inside Z(H) as η j .
We use this to prove orthogonality of columns of the generalized character table.
Theorem 2.5: Let H be a d-dimsnsional semisimple Hopf algebra over C, then
Another property of the generalized character table, which is known for groups and is of essential importance in proving later the existence of various normal left coideal subalgebras, is the following: Theorem 2.8: Let H be a semisimple Hopf algebra over C with a character table (ξ ij ) where ξ ij = χ i , η j and f j R(H) an irreducible right R(H) module of dimension m j . Then (i) Each entry of the i-th row of the character table satisfies:
(ii) Equality holds if and only if right multiplication by χ i , r χ i acts on
In §3 we extend the definition of left kernels to ω-left kernels, ω ∈ C, as follows: We prove essential relations between the character table and ω-left kernels by using an equivalence relation on characters introduced by [20, Prop. 18] . Theorem 3.5: Let H be a semisimple Hopf algebra over an algebraicly closed field k of characteristic 0, χ i a character associated with the irreducible representation V i , and F j a central primitive idempotent of R(H). Then the following are equivalent:
Moreover, if the equivalent conditions hold then ω i is a root of unity of order t, where t divides dim H.
In particular, when ω = 1 we relate normal left coideal subalgebras which are left kernels to the character table:
Theorem 3.6: Let H be a semisimple Hopf algebra over an algebraicly closed field k of characteristic 0, B the Hopf subalgebra of H * generated by χ i , and F j a central primitive idempotent of R(H). Then the following are equivalent:
Just as for groups we say that χ V is a faithful character if LKer V = k1. If the character algebra R(H) is assumed to be commutative we get a complete analogue of the Burnside-Brauer theorem as follows. Define the value set χ(H) = { χ, η j | all η j }.
Then:
Theorem 3.8: Let H be a semisimple Hopf algebra such that R(H) is commutative and let χ be a faithful character of H. Set t = number of distinct values in χ(H).
Then each character µ of H appears with positive multiplicity in at least one of {ε, χ, χ 2 , . . . , χ t−1 }.
In §4 we apply the results of the previous sections with known results for groups. In particular we prove a theorem of Burnside for groups in our context. Theorem 4.5: Let H be a non-commutative quasitriangular semisimple Hopf algebra over C whose only normal left coideal subalgebras are C and H. Then C is the only conjugacy class of H with a prime power dimension.
This theorem is an essential step in the proof of Burnside p a q b theorem for groups, which was generalized to fusion categories in [9] . We prove here an interesting property of normal left coideal subalgebras of factorizable Hopf algebras of dimension p a q b .
Theorem 4.10: Let H is a factorizable semisimple Hopf algebra over C of dimension p a q b , a + b > 0, and let N be a normal left coidal subalgebra of H. Then N contains a central grouplike element. In particular, any minimal normal left coidal subalgebra of H is a central Hopf subalgebra of H of prime order.
Preliminaries
Throughout this paper, H is a finite-dimensional Hopf algebra over a field k, in some cases we assume k = C. We denote by S and s the antipodes of H and H * respectively and Λ and λ the left and right integrals of H and H * respectively so that λ, Λ = 1. We say that H is unimodular if Λ is also a right integral (this is the case when H is semisimple). Denote by Z(H) the center of H.
Recall that any subbialgebra of H is necessarily a Hopf subalgebra. The Hopf algebra H * becomes a right and left H-module by the hit actions ↼ and ⇀ defined for all a ∈ H, p ∈ H * , 
Denote by Coc(H * ) the algebra of cocommutative elements of H * which equals the set of all p ∈ H * so that p, ab = p, ba for all a, b ∈ H. Denote by R(H) the k-span of all irreducible characters. It is an algebra (called the character algebra) which is contained in Coc(H * ). A necessary and sufficient for them to equal is that H is semisimple.
Recall [24] , any left coideal subalgebra A of H contains a left integral Λ A . Moreover, if A 1 ⊂ A 2 are left coideal subalgebras then A 2 is free over A 1 . This implies in particular that: Let V be a finite dimensional left H-module with a character χ V and let R V be the coalgebra in H * generated by χ V . Then R V can be described explicitly as follows: Let δ V be the corresponding right H * -comodule structure map on V, then for a basis {v
Note that R V contains all the irreducible constituent of χ V , and thus V is irreducible if and only if R V is a simple coalgebra. Note also that for any finite dimensional left H-modules V, W,
Let H be a semisimple Hopf algebra {V 0 , . . . V n−1 } a complete set of non-isomorphic irreducible H-modules, V 0 = k, and {E 0 , . . . E n−1 } and {χ 0 , . . . χ n−1 } be the associated central primitive idempotents and irreducible characters of H respectively, where E 0 = Λ and
In particular,
Since H is semisimple, we have:
where m l ij are non-negative integers. For a semisimple Hopf algebra over an algebraically closed field k of characteristic 0, let Irr(H) be the set of irreducible characters of H. Then any simple subcoalgebra B i of H * contains precisely one character that generates B i as a coalgebra. Since B = i∈I B i , where each B i is a simple subcoalgebra of H * , it follows that B is the coalgebra generated by B ∩Irr(H). Also, if χ ∈ B then all its irreducible constituents belong to B as well.
In particular, if B is a Hopf subalgeba of H * then
It is known ( [13, 27] ) that when H is semisimple then so is R(H). Let { Motivated by group theory the conjugacy class C ij as:
Then we have shown in [5, Th.1.4] that:
In particular, they have the same dimension, which equals dim(f ij H * ). Choose arbitrarily i, and set
We have shown in [5, Th.1.4] that,
We refer to η j as a normalized class sum. By general ring theory considerations (see e.g. [16 , §3]), dim f j H * does not depend on the choice of the primitive orthogonal idempotent f j belonging to F j , hence neither does η j . Note that contrary to the group situation, one does not always have
When R(H) is commutative then the central primitive idempotents of R(H), {F j } are also minimal idempotents, thus F j = f j and they form another basis for R(H). Moreover, for any character χ and primitive idempotent F j ,
We can define now a generalized character table for H as follows:
The generalized character table (ξ ij ) of a semisimple Hopf algebra H over k is given by:
Some properties of the generalized character table
Let H be a semisimple Hopf algebra over C. Nichols and Richmond [19, 20] discussed various properties of R(H) as an inner product space with involution. Their method is described as follows. For
and extend it to R(H) as follows.
As an algebra, R(H) has its own set of characters. By [20, Remark 11] , for all x ∈ R(H), µ a character defined on R(H) we have: (9) µ, x * = µ, x .
By (2), Z(H) can be considered as a dual vector space to R(H), but the connection is much deeper.
Recall, as a consequence of the orthogonality of characters given in [15] , R(H) is a symmetric algebra with a symmetric form β defined by
where Λ is the corresponding central form and the Casimir element is (10)
It follows that for all p ∈ R(H),
Theorem 2.1. Let H be a semisimple Hopf algebra over an algebraically closed field of characteristic 0, {η j } the normalized class sums of H as defined in (6) . Then the irreducible character µ j of R(H) corresponding to the irreducible right R(H)-module f j R(H) can be identified inside Z(H) as η j . In particular ε, η j = m j .
Proof. It can be seen that for all 0 ≤ j ≤ m,
See e.g [4, Prop.2.1] where
. By the definition of µ j we have:
By the trace formula for symmetric algebras (see e.g. [4, Lemma 1.3]), we have:
The result follows now from the definition of η j .
Remark 2.2. Since f j R(H) ∼ = f j ′ R(H) for any other primitive idempotent f j ′ of R(H) belonging to F j , it follows that µ j does not depend on the choice of the primitive idempotent belonging to F j as was demonstrated in Theorem 2.1.
As a corollary of Theorem 2.1 we obtain, Corollary 2.3. All entries of the character table are algebraic integers.
Proof. As proved in [16] , any character χ i satisfies a monic polynomial over Z Z, hence so does its image under the representation ρ f j R(H) . It follows that all eigenvalues of ρ f j R(H) (χ i ) are algebraic integers and hence so is trace(ρ
As a corollary of Theorem 2.1 and (9) we obtain:
Corollary 2.4. When k = C, then for any normalized class sum in H, and for any element x ∈ R(H),
, it follows that Sη j is a normalized class sum as well. Denote also Sη j by η j * . Then Corollary 2.4 implies in particular that
We can prove orthogonality relations for the columns of the generalized character table as follows:
Proof. [3, (8) and (9)]) Remark 2.6. When R(H) is commutative then dim f j R(H) = 1, hence for i = j the right hand side of the orthogonality relations boils down to
. Thus, as for groups, the dimension of each conjugacy class can be recovered from the character table.
Another norm of an element x ∈ R(H) was defined in [20] as follows: (14) N(x) = sup
where is the norm obtained from the inner product given in (8) . It was proved there [20, Th.14.2] that for a character χ,
This implies that if u ∈ R(H) is a nonzero eigenvector of r χ with an eigenvalue α, then (15) |α| ≤ χ, 1 .
The following lemma about complex numbers will be an essential tool in analyzing values related to the character table. 
Hence both inequalities are equalities. The last equality and the second assumption implies that |α k | = a k or equivalently, α k = ω k a k where |ω k | = 1. We wish to show that ω k = ω 1 for all k.
Well, the triangle inequality for complex numbers implies that for any k there exists a non-negative real number r k so that α k = r k α 1 , that is,
Since
. Substituting in (16), we get
(ii) If α j is real for some j, then ω j = 1 hence ω 1 = 1 and all ω k equal 1 as well and the result follows.
We show: 
(ii) Equality holds if and only if r χ i acts on f j R(H) as
By Theorem 2.1, χ i , η j is the trace of this action, hence,
(ii) If equality holds in (i), then by applying Lemma 2.7 with m = m j and a k = χ i , 1 for all k, we obtain that all α k are equal and |α k | = χ i , 1 . Hence the result follows. The converse is obvious.
(iii) If χ i , η j = m j χ i , 1 then by part (ii) it follows that r χ i acts on f j R(H) as α Id f j R(H) . Thus by Theorem 2.1, χ i , η j = αm j , hence by assumption α = χ i , η j . The converse is obvious again.
Remark 2.9. Observe that the theorem above is independent on the choice of f j ∈ F j R(H). This follows for part (i) from Remark 2.2 and for parts (ii) and (iii) from the right R(H)-module isomorphism between f j R(H) and f j ′ R(H) for any other primitive idempotent on
Generalized kernels
In this section we generalize an important normal subgroup that occurs in group theory. Let G be a finite group and V a representation of G with associatedcharacter χ = χ V . Define
It is shown (see e.g. [12] ) that
Note nthat ω g is a root of unity. In this sense Z(χ) is a 'semi kernel' of V. Based on this we define the ω-left kernel as follows. Let V be a representation of H, set: (17) LKer
When ω = 1 then LKer ω V boils down to the left kernel defined in [2] as follows:
Note that
Moreover, If A a left coideal of H then:
We show:
Lemma 3.1. Let V be a representation of H. (ii) (LKer 
Proof. (i) The proof that LKer
By ( The following is the essential step in obtaining left kernels from the character table, generalizing the process of recovering normal subgroups of a finite group G from its character table. Denote by C j the following left coideal of H which is stable under the left adjoint action:
Note that if H is almost cocommutative then C j = C j , where C j is as defined in (4) . Also note that
where χ is any character of H. Based on Theorem 2.8 we obtain the following:
Proposition 3.2. Let H be a semisimple Hopf algebra over C, F j be a central primitive idempotent of R(H), f j any primitive idempotent of R(H) so that f j F j = f j and dim f j R(H) = m j . Then:
(ii) If χ ∈ I F j then so does each of its irreducible constituents χ k , and ω χ k = ω χ .
(iii) For each χ ∈ I F , ω χ is a root of unity.
That is, r χ i acts on f j R(H) as α i Id . This implies by Theorem 2.
(ii) and Remark 2.9 imply that r χ i acts on f j R(H) as α i Id for all primitive idempotents f j of R(H) belonging to F j . Since F j is their sum it follows that i ∈ I F j .
(ii) if χ ∈ I F j then as in the proof of (i), r χ acts on f j R(H) as ω χ χ, 1 Id . By Theorem 2.1, η j , χ is the trace of this action, hence (22) χ, η j = m j ω χ χ, 1 .
Apply Lemma 2.7 with α k = n k χ k , η j and a k = n k m j χ k , 1 , to get χ k , η j = ω χ m j χ k , 1 for all 1 ≤ k ≤ n. By part (i), χ k ∈ I F j and since χ = n k=1 n k χ k it follows that ω = ω χ . (iii) Take χ ∈ I F j . By [20, Prop. 5(3)], ε is a constituent of χ n for some n ≥ 1. By part (ii), ω χ n = ω ε = 1. But ω χ n = (ω χ ) n hence ω χ , is a root of unity.
Let B 0 be a Hopf subalgebra of a semisimple Hopf algebra B. In [20, Prop.18 ] the following equivalence relation was defined on simple coalgebras of H * :
By the proof of [20, Prop.18] one can check that the equivalence relation on simple subcoalgebras is equivalent to the following equivalence relation defined on irreducible characters inside B :
Denote by [χ k ] the equivalence class of χ k and set y k
Then y 0 = λ B 0 and k y k = λ B is an integral for B and for each k, y k , 1 = dim B k . We are ready to prove the following useful proposition: Proposition 3.3. Let H be a semisimple Hopf algebra over an algebraicly closed field k of characteristic 0, χ an irreducible character and F j a central primitive idempotent of R(H). Let B be the Hopf algebra generated by χ. Assume χ ∈ I F j . Then the following hold: (i) All irreducible characters inside B belong to I F j .
(ii) Let B 0 be the coalgebra generated by all irreducible characters χ k ∈ B so that F j χ k = χ k , 1 F j . Then B 0 is a Hopf subalgebra of B.
(iii) Inside B, consider the equivalence relation defined in (23) . Set ω = ω χ . We can arrange B m so that ω χ k = ω m for all irreducible characters χ k ∈ B m .
(iv) B = t−1 m=0 B m is a graded algebra and ω is a root of unity. The number t is the least n so that ε is a constituent of χ.
Proof. (i) . Each irreducible character inside B is a constituent of χ l for some l ≥ 0. But χ l ∈ I F j where ω χ l = ω l hence the result follows from Proposition 3.2(ii).
(ii). Since ω χ ω χ ′ = ω χχ ′ for all χ, χ ′ ∈ B, it follows by Proposition 3.2(ii) that B 0 is an algebra, and thus a Hopf subalgebra.
(iii). First note that for all χ k , χ k ′ ∈ B k , we have by (24) 
We wish to show that to each B k corresponds a unique ω k . That is, if χ k ∈ B k , χ t ∈ B t and ω χ k = ω χt , then B k = B t .
Since ε is a constituent of χ t s(χ t ) it follows that ω s(χt) = ω
On the other hand, since ε is a constituent of s(χ t )χ t it follows that χ k is a constituent of χ k s(χ t )χ t ∈ B t . Since B t is a sub coalgebra it follows that χ k ∈ B t . Thus B k = B t .
(iv). This follows now after arranging the subcpalgebras B m with respect to powers of χ.
(v). Take b ∈ B m , then we have:
Since by 0 ∈ B m and the sum is direct, it follows that (26) by 0 = b, 1 y m .
Take b ∈ B m so that b, 1 = 0, (e.g. b = χ m ), then applying 1 to both sides of (26) yields (27) dim B 0 = dim B m for all 0 ≤ m ≤ t − 1. Since χ is the only irreducible character in B 1 it follows that dim B 1 = χ, 1 2 , hence the result follows.
As a corollary we obtain:
Corollary 3.4. With notations as in Proposition 3.3, we have:
Proof. Let b ∈ B m . By (26) and (27) we have:
We can prove now our main theorem. 
. By (20) and since C j is a left coideal, it is enough to show , that
Then:
The fact that ω is a root of unity follows from Proposition 3.2(iii). By Proposition 3.3(iv)-(v), (dim B) = t(dim B 0 ). Since (dim B)|(dim H) the last result follows.
As a corollary we obtain: Theorem 3.6. Let H be a semisimple Hopf algebra over C, B the Hopf subalgebra of H * generated by χ i , and F j a central primitive idempotent of R(H). Then the following are equivalent:
In the next section (Lemma 4.3), we show that ω-left kernels are abundant for factorizable Hopf algebras.
We generalize the notion of faithful characters as follows: Definition 3.7. A character χ associated with a representation V will be called faithful if LKer V = k1.
It was proved:
Generalized Burnside-Brauer Theorem [2, 4.2.1]: Let H be a semisimple Hopf algebra over an algebraically closed field k of characteristic 0, V a representation of H with associated character χ and N = LKer V . Then the irreducible characters of H = H/(N + H) are precisely all the irreducible constituents of χ n , n ≥ 0.
When the semisimple Hopf algebra H is an almost cocommutative, or equivalently, when it has a commutative character algebra, we give an explicit bound to the powers of χ appearing above, thus having a full analogue of the Burnside-Brauer theorem.
Define the value set
Theorem 3.8. Let H be a semisimple Hopf algebra such that R(H) is commutative and let χ be a faithful character of H. Set t = number of distinct values in χ(H).
Proof. Since χ is faithful it follows from the generalized BurnsideBrauer theorem that all irreducible characters of H appear as constituents of powers of χ. We will show that the k-span of {ε, χ, χ 2 , . . . , χ t−1 } already contains all powers of χ. Let {α 0 , . . . α t−1 } be the different values of χ, η j where α 0 = χ, 1 . Let
where by (7), {F i j } are all the central idempotents satisfying
we have:
Since {T i } are orthogonal idempotents we get
is invertible, hence each T i is a linear combination of {ε, χ, χ 2 , . . . , χ t−1 }. Since any power of χ is a linear combination of the T i 's, it follows that the algebra generated by χ inside R(H) is spanned over k by {ε, χ, χ 2 , . . . , χ t−1 }.
As a corollary we obtain that the only Hopf algebras for which there exist a 1-dimensional representation with a faithful character satisfy a stronger condition then being almost cocommutative. They are in fact both commutative and cocommutatie.
Corollary 3.9. Let H be a semisimple Hopf algebra over an algebraically closed field of characteristic 0. Then the following are equivalent:
(i) There exists a 1-dimensional representation of H with a faithful character.
(ii) R(H) = k σ , where σ is a grouplike element of
Proof. If H = k1 then we are done. So, assume H = k1.
. Since all irreducible representations of H are 1-dimensional it follows that H is a commutative algebra, hence H * is cocommutative, and so H * = R(H). (iii)⇒ (i). Take V = kσ, then V is an H-module under left hit and χ V = σ is faithful.
Applications
In this section we prove properties of semisimple Hopf algebras over C related to their character table with particular emphasis on Burnside's p a q b theorem. It is known that this theorem fails if we use a sequence of normal Hopf subalgebras to define solvability. (A counter example of dimension 36 is given in [11] ).
A categorical version of Burnside's theorem is given in [9] . They prove that any fusion category of Frobenius-Perron dimension p a q b is solvable. However, it is not clear how to interpret all the categorical notions to Hopf algebras. The discussion in this section indicates that a sequence of normal left coideal subalgebras should be used to define solvability in this case. We prove some of the results in [9] for semisimple Hopf algebras of dimension p a q b by using the algebraic tools we developed in the previous sections.
We start by proving a Hopf algebra analogue of the following:
A theorem of Burnside(see e.g. [12, Th. 3.8] ): If G is a non-abelian simple group then {1} is the only conjugacy class of G which has prime power order.
Note that 1 is considered as a prime power as well. The discussion goes further and we prove some structural properties mainly of factorizable Hopf algebras.
Recall, if (H, R) is a finite dimensional quasitriangular Hopf algebra then the maps f R :
are Hopf algebras maps. Then Q = R 21 R and the Drinfeld map f Q is given by f Q = f * R * f R . When (H, R) is a quasitriangular Hopf algebra then R(H) is necessarily commutative. If H is also semisimple then the Drinfeld map f Q is an algebra isomorphism between R(H) and Z(H).
The S-matrix for (H, R) is defined by:
The quasitriangular Hopf algebra (H, R) is factorizable if f Q is a monomorphism, or equivalently, if its S-matrix is invertible. Assume (H, R) is factorizable. Reorder the set {F j } so that [4] that, after reordering the central primitive idempotents, we have:
The last equality follows since dim(
In what follows we discuss further properties of f Q . Proof. Let C be a subcoalgebra of H * , c ∈ C. By [3, Prop.2.5(3)],
Since C is a coalgebra we have that f Q (C) is a left coideal of H. It is stable under the adjoint action of H by [3, Prop.2.5(5) ].
If C is a Hopf subalgebra of H * then all that is left to show is that f Q (C) is an algebra. Let x, y ∈ C, then by the definition of f Q we have,
, where the last equation follows since f R is an anticoalgebra map. Since f Q (C) is stable under the adjoint action of H, the mid term above belongs to f Q (C). The result follows now from [3, Prop.2.5(2)].
If (H, R) is factorizable more can be said: Proof.
Since C j is the left coideal generated by η j we have
(iii) Since N is a normal left coideal subalgebra, it is a left D(H)-module, hence by (5), there exists a set J ⊂ {0, . . . , n − 1} so that
Since f Q is multiplicative on R(H) and N is an algebra we have:
We want to show that f
We show now how ω-left kernels arise for factorizabble Hopf algebras. Lemma 4.3. Let (H, R) be a factorizable semisimple Hopf algebra over C, then (i)
is an algebraic integer for all i, j.
(
is known to be an algebraic integer, the result follows from (30).
(ii) Assume χ i , η j = 0. Since gcd(d i , d j ) = 1, we may choose integers u, v so that ud i + vd j = 1. Multiplying both sides by
The first summand on the right hand side is an algebraic integer, which we show to be a root of unity. by Corollary 2.3, while the second one is by the first part. It follows that
is an algebraic integer. Recall, [26] , that Q has finite order, hence its action on V i ⊗ V j is diagonalizable with eigenvalues which are roots of unity. Since χ i ⊗ χ j is the trace of H ⊗ H acting on V i ⊗ V j it follows that
where ω k is a root of unity. Since the S-matrix is symmetric we have by (28) and (30),
is an algebraic integer, which is nonzero by assumption, it follows by elementary Galois theory (see e.g [12, 3.8] ), that all w k are equal and thus the left handside is a root of unity.
The last part follows since factorizable Hopf algebras are almost cocommutative, hence we have m j = 1 and C j = C j , the result follows from Theorem 3.6.
The following lemma arises from the proof of Burnside p a q b theorem for groups. Proof. By the orthogonality relations with respect to the first column, (Theorem 2.5), we have,
We claim that there exists i > 0 so that q does not divide d i and χ i , η j = 0. Indeed, let S be the set of all V m so that q|d m and let T be the set of all non-trivial V m so that q does not divide d m . By (31),
Then a is an algebraic integer and
If the last summand is 0, then a is a rational algebraic integer, hence an integer which is impossible. Hence there exists i so that χ i , η j = 0 and q |d i .
We are ready to prove a Hopf algebra analogue the theorem of Burnside for groups mentioned at the beginning of this section.
for groups, G has no conjugacy class with a prime power order, hence neither does H.
(ii) If Imf Q = H then H is factorizable. Let C j , j > 0, be any conjugacy class. If dim C j = 1 then η j is a central grouplike element of H implying that the group algebra generated by η j is a normal left coideal subalgebra of H. Non-commutativity of H and the hypothesis of the theorem imply η j = ε, a contradiction to j > 0.
Assume dim C j = q l = 1. By Lemma 4.4 there exists i > 0 so that V i has dimension prime to q and χ i , η j = 0. Since H is factorizable we have dim(C j ) = d The following results, culminating in Theorem 4.9, follow directly from [9] who obtained it using categorical consideratins. We represent it here in algebraic terms as consequences of the previous discussion. Proof. If H is commutative then quasitriangularity implies that it is cocommutative, hence a group algebra. Since the order of the group is not prime, it has a normal subgroup. Hence H = kG has a non-trivial normal left coideal subalgebra.
Assume H is non-commutative and a > 0. We claim that there exists j > 0 so that p does not divide dim C j . This follows from the fact that the dimension of each conjugacy class divides the dimension of H ( [13, 27] ), and their sum equals dim H. Since C 0 = C, p can not divide the dimensions of all other conjugacy classes. That is, there exists j > 0 so that C j has a prime power dimension. By Theorem 4.5, H contains a proper non-trivial normal left coideal subalgebra. Proof. If a + b = 1 then H is a group algebra of prime order and we are done. Otherwise, consider the factorizable Hopf algebra D(H). By Corollary 4.7 it has a non-trivial 1-dimensional representation, hence D(H) * has a non-trivial grouplike element, which by [22] , has the form σ ⊗ τ, where σ ∈ G(H), τ ∈ G(H * ). If τ = ε and σ = 1 then we are done.
Assume now τ = ε. By [7, 22] , σ = 1 is a central grouplike element of H. Let N be the central Hopf subalgebra of H generated by σ. Then by the induction hypothesis H/HN + has a 1-dimensinal representation hence so does H. The same proof, replacing H with H * , works when σ = 1.
These culminate in:
Theorem 4.9. Let H be a semisimple Hopf algebra over C of dimension p a q b , a + b > 0, p, q prime numbers. Then either H is a group algebra of prime order, or H contains a normal left coideal subalgebra N so that C N H.
Proof. By Proposition 4.8, H has a non-trivial 1-dimensional representation V, hence LKer V = H is a normal left coideal subalgebra of H. If V is not faithful then C LKer V and we are done. Otherwise, by Corollary 3.9, H is a group algebra. If a + b > 1 then this group contains a normal subgroup N, hence contains kN, a normal left coideal subalgebra. If a + b = 1 then H is a group algebra of prime order.
When H is factorizable more can be said: 
